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Why Handwrit ing Recognition?

Script: Symbolic form of archiving speech
I Certain di� erent principles exist for writ ing down speech

I Numerousdi�eren t writing systems developed over the centuries

I Focus here: Writi ng containing letters and numbers
) Especially: Roman script (incl. Arabic numbers)

Handwriti ng: In contrast to characters createdby machines
I Most \natura l" form of script in almost all cultures

I Typeface adapted for manual creation ) Cursivescript

I \Pri nted letters" as imitation of machine printed characters

I Frequentl y: Free combination, i.e. mixing of both styles+

[unconstrainedhandwriting]

Fink, Pl•otz
Markov Models for Handwriting Recognition N

N

N H Moti vat ion Theory Practice Systems Summary References 1

http://www.uni-dortmund.de
http://ls12-www.cs.uni-dortmund.de/cms/irf/people/gernot-a.-fink/people_fink.html
http://ls12-www.cs.uni-dortmund.de/cms/irf/people/thomas-ploetz/people_ploetz.html


Machi ne Printed vs. Handwrit ten Script

 

 

Final Programme 

 
 
 

Ninth International Conference on Document 
Analysis and Recognition 

 
 

ICDAR 2007 
 
 

September 23 to 26, 2007 
Curitiba, Brazil 

 
 
 

http://www.icdar2007.org/ 
 
 
 
 

Co-Sponsors 
TC10 (Graphics recognition) and TC11 (Reading System) of the International 
Association of Pattern Recognition (IAPR), and by the organizations as shown 

on the opposite page. 
 
 

 

Fink, Pl•otz
Markov Models for Handwriting Recognition N

N

N H Moti vat ion Theory Practice Systems Summary References 2

http://www.uni-dortmund.de
http://ls12-www.cs.uni-dortmund.de/cms/irf/people/gernot-a.-fink/people_fink.html
http://ls12-www.cs.uni-dortmund.de/cms/irf/people/thomas-ploetz/people_ploetz.html


Writing Systems { A Br ief Overview
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Applicat ions: O� -line vs. On-l ine Processing

Main objective: Automated document processing
(e.g. Analysisof addresses, forms; archiving)

Basic principle:
I Optical capture of completedtypeface

(via scanner,possibly camera)

I O�- line analysisof resulting \i magedata"
(Standard: Preprocessing+ Linearizing !
stream of temp. changing features)

) \Opti cal Character Recognition" (OCR)

Additionally: Human-Machine-Interact ion (HMI)

Basic principle:
I Capture pen trajectory during writing

(util izing specialized sensors & pens)

I On-line analysisof movement data

Fink, Pl•otz
Markov Models for Handwriting Recognition N

N

N H Moti vat ion Theory Practice Systems Summary References 4

http://www.uni-dortmund.de
http://ls12-www.cs.uni-dortmund.de/cms/irf/people/gernot-a.-fink/people_fink.html
http://ls12-www.cs.uni-dortmund.de/cms/irf/people/thomas-ploetz/people_ploetz.html


Devices for Capturing Handwriting

On-line Recognition

Touch-pad:
X High resolution

X Robust recognition when using
special writing style
) Standard for PDAs etc.

! (Very) expensivefor large sizes
(then also rather in
 exible,
e.g. for mobile use)

Camera:
X Very 
 exible

! Low resolut ion (PAL . . . )

! Occlusions need to be
managed
(e.g. by memory of regions)

O�- line Recognition

Scanner:
X High resolution (� 300dpi)

! Inappropriate for certain media
(books, whiteboards etc.)

Camera:
X Very 
exibl e

! Low resolution (PAL . . . )

[Touch-pad: ]
E Only \semi"-o� -line

(document needsto be writ ten
on touch pad { inappropriate
for majority of media)

I cf. on-line recognition
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Why is Handwriting Recognition Di�cult?

I High variability even within particular characters
I Machine printed characters:

Type face
(Ti mes, Helvetica, Courie r )

Font family
(regular, bold, italic)

Character size
(small, large)

I Writi ng style

I Line width and it's quality

I Variat ion even for single writer!

I Segmentationis problematic { \Merging" of adjacent characters

Fink, Pl•otz
Markov Models for Handwriting Recognition N

N

N H Moti vat ion Theory Practice Systems Summary References 6

http://www.uni-dortmund.de
http://ls12-www.cs.uni-dortmund.de/cms/irf/people/gernot-a.-fink/people_fink.html
http://ls12-www.cs.uni-dortmund.de/cms/irf/people/thomas-ploetz/people_ploetz.html


Focus of this Tutorial

Input data:
I Handwriting data captured uti lizing scanner, touch pad, or camera

I Restriction to Roman characters and Arabic numbers
(no logographicwriti ng systemscoveredhere)

I No restriction w.r.t. writ ing style, sizeetc.
) Unconstrained handwriti ng!

Processingtype:
I Focus: O� ine-Processing

) Analysisof handwriting data after completion of capturing

I Also (a little . . . ): Online-Techniques

Recognition approach: Stochastic modeling of handwriting

I Hidden Markov Models for segmentation free recognition

I Statistical n-gram models for lexical restrictions
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Recognit ion Paradigm { \ Traditional " OCR

Segmentat ion
+

Classi� cat ion:

a r kM o v

a c kH re

nI
l

c u
l

u

Original Image Alternative segmentations

. .
 .

2.

1.

n.

Potential elementary segments, strokes, ...

X Segment-wiseclassi�cation
possible uti lizing various
standard techniques

E Segmentationis
I costly,
I heuristic, and
I needs to be optimized manually

E Segmentationis especially problematic for unconstrainedhandwriting!
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Overview

I Moti vation . . . Why useMarkov Models?

I Theoretical Concepts . . . Hidden Markov and n-gram Models

I Hidden Markov Models . . . De�niti on, UseCases,Algorithms
I n-Gram Language Models . . . De�niti on, UseCases,Robust Estimation

I Practical Aspects . . . Con�gurati on, Robustness,E� ciency, Search

I Putt ing It All Together . . . How Things Work in Reality

I Summary . . . and Conclusion

Fink, Pl•otz
Markov Models for Handwriting Recognition N

N

N H Moti vat ion Theory Practice Systems Summary References 9

http://www.uni-dortmund.de
http://ls12-www.cs.uni-dortmund.de/cms/irf/people/gernot-a.-fink/people_fink.html
http://ls12-www.cs.uni-dortmund.de/cms/irf/people/thomas-ploetz/people_ploetz.html


Recognition Paradigm { I

Stat istical recogniti on of (handwritten) script : Channel model
. . . similar to speech recognition

source channel recognition

production
text-

realization
script-

extraction
feature

decoding
statistical

argmax
w

P(wjX)

ŵX

P(Xjw)P(w)

w

Wanted: Sequence of words/characters ŵ, which is most probable for given
signal/features X

ŵ = argmax
w

P(wjX) = argmax
w

P(w)P(Xjw)
P(X)

= argmax
w

P(w)P(Xjw)
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Recognition Paradigm { II

ŵ = argmax
w

P(wjX) = argmax
w

P(w)P(Xjw)
P(X)

= argmax
w

P(w)P(Xjw)

Two aspects of modeling:

I Script (appearance) model: P(Xjw) ) Representationof words/characters

Hidden-Markov-Models

I Language model: P(w) ) Restrictions for sequencesof words/characters

Markov Chain Models / n-Gram-Models

Specialty: Script or trajectories of the pen (or features, respectively)
interpreted as temporal data

X Segmentationnow implicitl y performed! ) \segmentation free" approach

! Script or pen movements,respectively, must be linearized!

Fink, Pl•otz
Markov Models for Handwriting Recognition N

N

N H Moti vat ion Theory Practice Systems Summary References 11

http://www.uni-dortmund.de
http://ls12-www.cs.uni-dortmund.de/cms/irf/people/gernot-a.-fink/people_fink.html
http://ls12-www.cs.uni-dortmund.de/cms/irf/people/thomas-ploetz/people_ploetz.html


Hidden Markov Mo dels: Two-Stage Stochastic Processes

...s1 s2 s3 s4 sN ......

P(st js1; s2; : : : st � 1)

s1 s2 stst � 1 sT

P(st jst � 1)

......s1 s2 st sTst � 1

P(Ot jst )

1. Stage: discretestochastic process=̂ series of random variableswhich take
on valuesfrom a discreteset of states (� �nite automaton)

stationary: Processindependent of absolutetime t

causal: Distribution st only dependent on previous states

simple: parti cularly dependent only from immediate
predecessor state (=̂ �rst order)

) P(st js1; s2; : : : st � 1) = P(st jst � 1)

2. Stage: Depending on current state st for everypoint in time additionally
an emissionOt is generated

) P(Ot jO1 : : : Ot � 1; s1 : : : st ) = P(Ot jst )

Caution: Only emissions can be observed! hidden
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Hidden-Ma rkov-Mo dels: Formal De� nition

A Hidden-Markov-Model � of �rst order is de�ned as:

I a �ni te set of states:

f sj1 � s � Ng

I a matrix of state transition probabiliti es:

A = f aij jaij = P(st = j jst � 1 = i )g

I a vector of start probabilities:

� = f � i j� i = P(s1 = i )g

I state speci�c emissionprobability distributions:

B = f bjk jbjk = P(Ot = ok jst = j )g (discrete case)

or

f bj (Ot )jbj (Ot ) = p(Ot jst = j )g (continuous case)
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Toy Example: The Occasionally Dishonest Casino { I
[idea from [Dur98]]

0.05

0.1

1 2 3 4 5 6654321

1/6
1/10

1/2

0.90.95

Sfair Sloaded

okok

P(Ot = ok) P(Ot = ok)

O = 1; 1; 2; 6; 6; 6; 3; 5

Background: Casinooccasionally exchanging dice: fair , loaded
) Model with two states: Sfair and Sloaded

Exclusive observations: Resultsof the rolls
) Underlying state-sequence remains hidden!

Question: Which die has beenused,i.e. when is the casino cheating?
) Probabilistic inferenceabout internal state-sequenceusing stochastic model
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Mo deling of Emissions

Discrete inventory of symbols: Very limited
application �elds

X Well suited for discretedata (e.g. DNA)

E Inappropriate for non-discretedata { useof
vector quantizer required!

Continuous modeling: Standard for most pattern
recognition applications processingsensory data

X Treatment of real-valued vector data
(i.e. vast majority of \real-world" data)

X De�nes distributions over
� n

Problem: No generalparametric description

Procedure: Approximation using mixture densities p(x) =̂
1X

k=1

ck N (xj� k ; Ck )

�
MX

k=1

ck N (xj� k ; Ck )
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Mo deling of Emissions { II

i j k

aii

aij

ajj akk

ajk

aik

bj (xt )

Mi xture density modeling:
I BaseDistribution?

) GaussianNormal densities

I Shape of Distributions
(full / diagonal covariances)?
) Dependson pre-processing of the
data (e.g. redundancy reduction)

I Number of mixtures?
) Clustering (. . . and heuristics)

I Estimation of mixtures?
) e.g. Expectat ion-Maximization

[% Practice]
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Usage Concepts for Hidden-Ma rkov-Mo dels

... ...

s1 s2
... sTs3 sT � 1

P(Oj� )s� = argmax
s

P(O; sj� )

... sTs3s1 s2 sT � 1

... ...

P(Oj�̂ ) � P(Oj�̂ )

... sTs3s1 s2 sT � 1

Assumption: Patterns observedare generated by stochastic modelswhich are
comparable in principle

Scoring: How well describes the model some pattern?
! Determinat ion of the production probability P(Oj� )

Decoding: What is the \internal structure" of the model? (=̂ \Recognition")
! Determinat ion of the optimal state sequence
s� = argmax

s
P(O; sj� )

Training: How to determine the \optimal " model?
! Improvement of a given model � with P(Oj�̂ ) � P(Oj� )
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The Producti on Probabil it y

Wanted: Assessmentof HMMs' quality for describing statistical properties of data

Widely usedmeasure: Production probability P(Oj� ) that observation sequence O
was generated by model � { along an arbitrary state sequence

time

st
at

es

...

...

...

...

...

... ... ... ... ... ... ...

T

) P(Oj� )
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The Producti on Probabil it y: Naive Determinati on

1. Probability for generatingobservationsequenceO1; O2; : : : OT along
corresponding state sequences = s1; s2; : : : sT of same length:

P(Ojs; � ) =
TY

t =1

bst (Ot )

2. Probability that a given model � runs through arbit rary state sequence:

P(sj� ) = � s1

TY

t =2

ast � 1;st =
TY

t =1

ast � 1;st

3. (1) + (2): Probability that � generates O along certain state sequences:

P(O; sj� ) = P(Ojs; � )P(sj� ) =
TY

t =1

ast � 1;st bst (Ot )

4. Total P(Oj� ): Summation over all possible state sequences of length T

P(Oj� ) =
X

s

P(O; sj� ) =
X

s

P(Ojs; � )P(sj� )

E Complexity: O(TN T )
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The Producti on Probabil it y: The Forward-Algorithm

More e�cient: Exploitation of the Markov-property, i.e. the \�nite memory"
) \Decisions" only dependent on immediate predecessor state

Let:
� t (i ) = P(O1; O2; : : : Ot ; st = i j� )
(forward variable)

1. � 1(i ) := � i bi (O1)

2. � t +1 (j ) :=

(
NX

i =1

� t (i )aij

)

bj (Ot +1 )

3. P(Oj� ) =
NX

i =1

� T (i )

X Complexity: O(TN 2)!
(vs. O(TN T ) from naive determinat ion)

st
at

es
timet+1t

i

j

�

Ot + 1

� t + 1(j )

� t (i )

Later: Backward-Algorithm [% Training]
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The \ opti mal" Production Probability

Total production probability: Consider all paths through model
X Mathematically exact determination of P(Oj� )

! Specialization of part ial models within total model cannot be judged

Modi�ca t ion: Consider only respective optimal possibility to generateO, given �
X Discrimination between � 1 (satisfying on average) / � 2 (specialized)

Optimal probability: P � (Oj� ) = P(O; s� j� ) = maxs P(O; sj� )

� t (i ) = max
s1;: :: st � 1

P(O1; : : : Ot ; s1; : : : st � 1; st = i j� )

1. � 1(i ) = � i bi (O1)

2. 8t , t = 1 : : : T � 1:
� t +1 (j ) = max

i
f � t (i )aij gbj (Ot +1 )

3. P � (Oj� ) = P(O; s� j� ) = max
i

� T (i )

� t + 1(j )

max

� t (i )

bj (Ot + 1)

time

st
at

es

i

j

t t + 1

Ot + 1

aij
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Decoding

Problem: Global production probability P(Oj� ) not su�cient for analysisif
individual states are associated to meaningful segmentsof data

) (Probabilistic) Determination of optimal state sequences� necessary

Maximization of posterior probability:

s� = argmax
s

P(sjO; � )

Bayes' rule:

P(sjO; � ) =
P(O; sj� )
P(Oj� )

P(Oj� ) irrelevant (constant for �xed O and given � ), thus:

s� = argmax
s

P(sjO; � ) = argmax
s

P(O; sj� )

Determinat ion of s� : Brute-Force [% Optimal Production Probability] or
more e�ci ently: Viterbi-Algorithm
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The Viterb i Algorithm

. . . inductive procedure for e�cient determination of s� exploiting Markov property

Let: � t (i ) = max
s1;s2;: :: st � 1

P(O1; O2; : : : Ot ; st = i j� )

1. � 1(i ) := � i bi (O1)  1(i ) := 0

2. � t +1 (j ) := max
i

(� t (i )aij )bj (Ot +1 )  t +1 (j ) := argmax
i

: : :

3. P � (Oj� ) = P(O; s� j� ) = max
i

� T (i )

s�
T := argmax

j
� T (j )

4. Back-tracking of optimal path:
s�

t =  t +1 (s�
t +1 )

X Implicit segmentation

X Linear complexity in t ime

! Quadratic complexity
w.r.t. # states

... ... ... ... ... ......st
at

es

...

...

...

...

...

time
� t + 1(j )
 t + 1(j )

Tt + 1t

j

P( � Oj� ) = P(O; s� j� )
*
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Toy Example: The Occasionally Dishonest Casino { II

Sfair Sloaded

Parameters of the given HMM � :
I Start probabilit ies: � = (1=2 1=2)T

I Transition probabilities: A =
�

0:95 0:05
0:1 0:9

�

I Emissionprobabilities: B =
�

1=6 1=6 1=6 1=6 1=6 1=6
1=10 1=10 1=10 1=10 1=10 1=2

�

I Observationsequence: O = O1; O2; : : : ; OT = 1; 1; 2; 6; 6; 6; 3; 5

Wanted: Internal state-sequence for segmentationinto fair useand cheating
) Viterbi-Algorithm
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Toy Example: The Occasionally Dishonest Casino { III

� i = 1=2; A =
�

0:95 0:05
0:1 0:9

�

B =
�

1=6 1=6 1=6 1=6 1=6 1=6
1=10 1=10 1=10 1=10 1=10 1=2

�

O = 1; 1; 2; 6; 6; 6; 3; 5

Sfair Sloaded

1

1

lo
ad

ed
(2

)

32 4 5 6 7

1 2 6 6 6 3

fa
ir

(1
)

t

Ot

8

5

 1(1) = 0

� 1(1) = � 1b1(O1) = 1=2 � 1=6 = 1=12

 1(2) = 0

� 1(2) = � 2b2(O1) = 1=2 � 1=10= 1=20

 1(2) = 0

 1(1) = 0

� 1(1) = 1=12 � 1(1)a11 = 1=12� :95 = :079
� 1(2)a21 = 1=20� :1 = :005

� 1(2)a22 = 1=20� :95 = :0475
� 1(1)a12 = 1=12� :05 = :004

� 1(2) = 1=20

 2(1) = 1

 2(2) = 2

� 2(1) = :079� b1(O2) = :079� 1=6 = :013

� 2(2) = :0475� b2(O2) = :0475� 1=10 = :00475

 7(1) = 2 2(1) = 1  4(1) = 1  5(1) = 1  6(1) = 2 3(1) = 1  8(1) = 1

 3(2) = 2 2(2) = 2  4(2) = 2  5(2) = 2  6(2) = 2  8(2) = 2 7(2) = 2

� 7
(1

)
=

:0
00

01

� 8
(1

)
=

5:
7E

�
6

� 6
(1

)
=

:0
00

02
3

� 5
(1

)
=

:0
00

03

� 4
(1

)
=

:0
00

2

� 3
(1

)
=

:0
01

3

� 2
(1

)
=

:0
08

� 2(2) = :0075 � 3(2) = :000675 � 4(2) = 0:0003 � 5(2) = :0014 � 6(2) = :00063 � 7(2) = :000057 � 8(2) = 5:13E � 6

 2(1) = 1  4(1) = 1  5(1) = 1  6(1) = 2 3(1) = 1  8(1) = 1 7(1) = 2

 3(2) = 2 2(2) = 2  4(2) = 2  5(2) = 2  6(2) = 2  7(2) = 2  8(2) = 2

� 2(2) = :0075 � 3(2) = :000675 � 4(2) = 0:0003 � 5(2) = :0014 � 6(2) = :00063 � 7(2) = :000057 � 8(2) = 5:13E � 6
� 2

(1
)

=
:0

08

� 3
(1

)
=

:0
01

3

� 4
(1

)
=

:0
00

2

� 5
(1

)
=

:0
00

03

� 6
(1

)
=

:0
00

02
3

� 7
(1

)
=

:0
00

01

� 8
(1

)
=

5:
7E

�
6
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Parameter Estimation { Fundamentals

Goal: Derive optimal (for somepurpose) statistical model from sample data

Problem: No suitable analytical method / algorithm known

\W ork-Around": Iteratively improve existing model �
) Optimized model �̂ better suited for given sample data

Generalprocedure: Parameters of � subject to growth transformation such that

P(: : : j �̂ ) � P(: : : j� )

1. \Observe" model's actions during generationof an observationsequence

2. Original parametersare replaced by relat ive frequenciesof respective events

âij =
expected number of transitions from i to j

expected number of transitions out of statei

b̂i (ok ) =
expected number of outputs of ok in statei

total number of outputs in statei

! Only probabilistic inferenceof events possible!

! (Posterior) state probability required!
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The Posterior State Probability

Goal: E� ciently compute P(St = i jO; � ) for model assessment

Procedure: Exploit limited memory for
I History { forward-probability � t (i ) [% forward-algorithm ], and

I Rest of parti al observation sequence{ backward-probability � t (i )

Backward-Algorithm:
Let

� t (i ) = P(Ot +1 ; Ot +2 ; : : : OT jst = i ; � )

1. � T (i ) := 1

2. For all t imes t , t = T � 1 : : : 1:
� t (i ) :=

P

j
aij bj (Ot +1 )� t +1 (j )

3. P(Oj� ) =
NP

i =1
� i bi (O1)� 1(i )

states

� t + 1(j )

� t (i )

time

P

i

j

t t + 1

Ot + 1

aij
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The Forward-Backward Algorithm

. . . for e� cient determination of posterior state probability

P(St = i jO; � ) =
P(St = i ; Oj� )

P(Oj� ) [% forward-algorithm ]

P(St = i ; Oj� ) = P(O1; O2; : : : Ot ; St = i j� )P(Ot +1 ; Ot +2 ; : : : OT jSt = i ; � )

= � t (i )� t (i )

) 
 t (i ) = P(St = i jO; � ) =
� t (i )� t (i )
P(Oj� )

st
at

es

timet+1t

i

j
� t (i )

� t (i )
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Parameter Training using the Baum-Welch-Algorithm

Background: Variant of Expectation Maximization (EM) -Algorit hm
(parameter estimation for stochastic models incl. hidden random variables)

Optimization criterion: Total production probability P(Oj� ), thus

P(Oj�̂ ) � P(Oj� )

De�niti ons: (of quantitiesbasedon forward- and backward variables)
) Allow (statistical) inferencesabout internal processesof � when generatingO


 t (i ; j ) = P(St = i ; St +1 = j jO; � )

=
P(St = i ; St +1 = j ; Oj� )

P(Oj� )

=
� t (i ) aij bj (Ot +1 ) � t +1 (j )

P(Oj� )


 t (i ) = P(St = i jO; � )

=
NX

j =1

P(St = i ; St +1 = j jO; � )

=
NX

j =1


 t (i ; j )

� t (i )

� t + 1(j )aij

states

timet t + 1

i

j

Ot + 1
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The Baum-Welch-Algorithm
Let 
 t (i ) = P(St = i jO; � ) =

� t (i )� t (i )

P(Oj� )


 t (i ; j ) = P(St = i ; St +1 = j jO; � ) =
� t (i ) aij bj (Ot +1 ) � t +1 (j )

P(Oj� )

� t (j ; k) = P(St = j ; M t = kjO; � ) =

P N
i=1 � t (i ) aij cjk gjk (Ot ) � t (j )

P(Oj� )

1. Choose a suitable initi al model � = (� ; A; B) with init ial estimates
(� i , aij , cjk for mixtures gjk (x) = N (xj� jk ; Cjk ) for pdf. bjk (x) =

P
k cjk gjk (x).)

2. Compute updated estimates �̂ = ( �̂ ; Â; B̂) for all model parameters:

âij =
P T � 1

t = 1 
 t (i ; j )
P T � 1

t =1 
 t (i )
�̂ i = 
 1(i )

ĉjk =
P T

t =1 � t (j ;k)
P T

t = 1 
 t (j )

�̂ jk =
P T

t =1 � t (j ;k) xtP T
t =1 � t (j ;k) Ĉjk =

P T
t =1 � t (j ;k) xt xT

tP T
t =1 � t (j ;k)

� �̂ jk �̂ T
jk

3. if P(Oj�̂ ) was considerably improved by the updated model �̂ w.r.t. �
let �  �̂ and continue with step 2

otherwise Stop!
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Mul t iple Observation Sequences

In general: Sample setsusedfor parameter training are subdivided into individual
segments{ so-called turns

So far: Turns were considered individual observationsequences

Goal: Estimate model parameters also on a set of isolated sequences

Procedure: Accumulate acrossall observation sequencesconsideredstatistics
gathered for the updating of the parameters

Example:

�̂ jk =

LP

l =1

TP

t =1
� l

t (j ; k) xt

LP

l =1

TP

t =1
� l

t (j ; k)

Fink, Pl•otz
Markov Models for Handwriting Recognition N

N

N H Moti vat ion Theory Practice Systems Summary References 31

http://www.uni-dortmund.de
http://ls12-www.cs.uni-dortmund.de/cms/irf/people/gernot-a.-fink/people_fink.html
http://ls12-www.cs.uni-dortmund.de/cms/irf/people/thomas-ploetz/people_ploetz.html


Hidden Markov Mo dels: Summary

Pros and Cons:

X Two-stage stochastic processfor analysisof highly variant patterns
(allows for probabilist ic inference about internal state sequence { i.e. recognition)

X E� cient algorit hms for training and evaluat ion, resp., exist
(Forward-Backward, Viterbi-decoding, Baum-Welch)

X Can \easily" be combined with statistical languagemodel
(channel model: integrati on of [% Markov chain models])

E Considerable amounts of training data necessary
(\ There's no data like more data!" [Mer88])

Variants and Extensions(not covered here):

I Hybrid models increasedrobustness
(often combination with neural networks)

I Techniquesfor fast and robust adaptat ion, i.e. specialization, exist
(Maximum A-posteriori adaptation, Maximum Likelihood Linear Regression)
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Overview

I Moti vation . . . Why useMarkov Models?

I Theoretical Concepts . . . Hidden Markov and n-gram Models

I Hidden Markov Models . . . De�niti on, UseCases,Algorithms
I n-Gram Language Models . . . De�niti on, UseCases,Robust Estimation

I Practical Aspects . . . Con�gurati on, Robustness,E� ciency, Search

I Putt ing It All Together . . . How Things Work in Reality

I Summary . . . and Conclusion
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n-Gram Mo dels: Intro duction

Goal of statistical languagemodeling: De�ne a probability distribution over a set
of symbol (= word) sequences

Origin of the name Language Model: Methods closelyrelated to
I Statistical modeling of texts

I Imposing restrictions on word hypothesissequences (especially in
automatic speechrecognition)

Powerful concept: Useof Markov chain models

Alternative method: Stochastic grammars
E Rulescan not be learned

E Complicated, costly parameter training

) Not widely used!
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n-Gram Mo dels: Example

! Examples for statistical models �tt ing on slidesextremely problematic! Beware!

Given an empirically de�ned language fragment:

I don't mind if you go
I don't mind if you take it slow
I don't mind if you say yes or no
I don't mind at all

[From the lyrics of the Great Song of Indi�erence by Bob Geldof]

Questions:
I How is the phrase``I don't mind'' most likely continued?

I Which sentence is more plausible,to be expected, or rather \strange" ?

``I take it if you don't mind'' or

``if you take it I don't mind''
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n-Gram Mo dels: De�niti on

Goal: CalculateP(w) for given word sequence w = w1; w2; : : : ; wk

Basis: n-Gram model = Markov chain model of order n � 1

Method: Factorizat ion of P(w) applying Bayes' rule according to

P(w) = P(w1)P(w2jw1) : : : P(wT jw1; : : : ; wT � 1) =
kY

t =1

P(wt jw1; : : : ; wt � 1)

Problem: Context dependency increasesarbit rarily with length of symbol sequence
) Limit length of the \histo ry"

P(w) �
TY

t =1

P( wt j wt � n+1 ; : : : ; wt � 1

| {z }
n symbols

)

Result: Predicted word wt and history form an n-tuple ) n-gram (=̂ event )

) n-gram models (t ypically: n = 2 ) bi-gram, n = 3 ) tri -gram)
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n-Gram Mo dels: Use Cases

Basic assumption similar to HMM case:

1. Reproduce statistical properties of observeddata

2. Derive inferencesfrom the model

Problems to be solved:

Evaluation: How well does the model represent certain data?

Basis:Probability of a symbol sequence assigned by the model

Model Creation: How to create a good model?

I No hidden state variables
) No iteratively optimizing techniquesrequired

I Parameterscan principally be computed directly
(by simple counting)

! More sophisticated methods necessary in practice! [% parameter estimat ion]
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n-Gram Mo dels: Notation

Focus on expressions for computing conditional probabilities

Distinction betweenpredicted word and history important

I Arbitrary individual n-gram: yz = y1; y2; : : : yn� 1z
(predicted word: z, history: y)

I Generalconditional n-gram probability: P(zjy)
(P(zjy) or P(zjxy) for bi- and tri -gram models)

I Absolute frequencyof an n-gram: c(yz)

I Somederived properties of n-gram contexts:

Count of all n-grams with history y: c(y�)

Number of n-grams occurring k times in context y: dk (y�)
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n-Gram Mo dels: Evaluation

Basic Principle: Determine descriptive power on unknown data

Quality Measure: Perplexity P

P(w) =
1

j wj
p

P(w)
=

1
T
p

P(w1; w2; : : : ; wT )
= P(w1; w2; : : : ; wT ) � 1

T

I Reciprocal of geometricmeanof symbol probabilit ies

I Derived from (cross) entropy de� nition of a (formal) language

H(pjq) = �
X

i

pi|{z}
data

log2 qi
| {z }
model

� ! �
X

t

1
T

| {z }
empirical data

log2 P(wt j:::)
| {z }

model

= �
1
T

log2

Y

t

P(wt j:::)

P (w) = 2H(wj P(� j :: : )) = 2� 1
T log2

Q
t P(wt j :: : ) = P(w1; w2; : : : ; wT ) � 1

T

Question: How can perplexity be interpreted?
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n-Gram Mo dels: Interp retat ion of Perplexity

Intuiti ve interpretation of perplexity:

I Assume:Text w1; w2; :::wt ; :::wT was
produced statistically by information source
from �nite vocabulary V

I Problem: How can that generation be
\p redicted" as exactly as possible?

Successful: Only very few symbols likely
to continue a sequence

Unsuccessful: Many symbols have to be
taken into account

I Worst casesituation: No information

) No prediction possible
) All symbols equally likely: P(wt j:::) = 1

j V j

Example:

I don't mind . . . . .?
at

if

. .
 . 

. .
 . 

all

no

I

don't

mind

you

go

it

say

yes

take

slow

at

or

if
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n-Gram Mo dels: Interp retat ion of Perplexity II

I Worst casesituation: All symbols equally likely

) Prediction according to uniform distribut ion P(wt j:::) =
1

jV j
I Perplexity of texts generated:

P (w) =

( �
1

jV j

� T
) � 1

T

= jV j

Note: Perplexity equals vocabulary size in absence of restrictions

I In any other case:perplexity � < jV j

Reason: Entropy (and perplexity) is maximum for uniform distribution!

I Relating this to an \uninfo rmed" sourcewith uniform distribut ion:
Predict ion is as hard as sourcewith jV 0j = �

Interpretation: Perplexity givessize of \ virtual" lexicon for statistical source!
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n-Gram Mo dels: Parameter Estimati on

Naive Method:
I Determine number of occurrences

I c(w1; w2; :::wn) for all n-grams and

I c(w1; w2; :::wn� 1) for n � 1-grams

I Calculateconditional probabilit ies

P(wnjw1; w2; : : : wn� 1) =
c(w1; w2; :::wn)
c(w1; :::wn� 1)

Problem: Many n-grams are not observed
) \Unseen events"

I c(w1 : : : wn) = 0 ) P(wnj : : :) = 0

E P(: : : w1 � � � wn : : :) = 0!

Example:

c(you say) = 1

c(you) = 3

P(sayjyou) =
c(you say)

c(say)
=

1
3

c(you don't ) = 0

P(I take it if you don't mind) = 0

Fink, Pl•otz
Markov Models for Handwriting Recognition N

N

N H Moti vat ion Theory Practice Systems Summary References 42

http://www.uni-dortmund.de
http://ls12-www.cs.uni-dortmund.de/cms/irf/people/gernot-a.-fink/people_fink.html
http://ls12-www.cs.uni-dortmund.de/cms/irf/people/thomas-ploetz/people_ploetz.html


n-Gram Mo dels: Parameter Estimati on II
Parameter estimation in practice

Problem:

I Not some but most n-gram counts will be zero!

I It must be assumed that this is only due to insu� cient training data!

) estimate useful P(zjy) for yz with c(yz) = 0

Question: What estimatesare \u seful" ?

I small probabilities!, smaller than seenevents? ! mostly not guaranteed!

I speci�c probabilities, not uniform for all unseen events

Solution:

1. Modify n-gram counts and gather \p robability mass" for unseen events

Note: Keep modi�cati on reasonably small for seen events!

2. Redistribute zero-probability to unseen events according to a more general
distribution (=̂ smoothing of empirical distribution)

Question: What distribution is suitable for eventswe know nothing about?
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n-Gram Mo dels: Parameter Estimati on III

Frequency distribut ion (counts) � ! Discounting (gathering probability mass)

w1 w2 w3 w5 w10 w12: : : : : : : : :w0

w2 w3 w5 w10 w12: : : : : : : : :w1w0

Zero probability � ! Incorporate more general distribution
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n-Gram Mo dels: Discounting

Gathering of Probability Mass

Calculate modi�ed frequencydistribution f � (zjy) for seenn-grams yz:

f � (zjy) =
c� (yz)
c(y)

=
c(yz) � � (yz)

c(y�)

Zero-probability � (y) for history y: Sum of \ collected" counts

� (y) =

P
z:c(yz)> 0 � (yz)

c(y�)

Choices for discounting factor � () :

I proporti onal to n-gram count: � (yz) = � c(yz) ) linear discounting

I as some constant 0 < � � 1 ) absolute discounting
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n-Gram Mo dels: Discounting - Example

I do
n'

t

m
in

d

if ta
ke

goyo
u

it sl
ow

sa
y

ye
s

or no at al
l

c(mind ...)
I do

n'
t

m
in

d

if ta
ke

goyo
u

it sl
ow

sa
y

ye
s

or no at al
l

c� (mind ...) linear discounting: � = 0:75
beta = 0:5absolute discounting:

beta = 1:0

Note: Discounting is performed individually for all contexts y!
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n-Gram Mo dels: Smoothi ng

Redistr ibuti on of Probabili ty Mass

Basic methods for incorporat ing more generaldistribut ions:

Interpolat ion: Linear combination of (modi�e d) n-gram distribution and
(one or more) general distributions

Backing o� : Usemore generaldistribut ion for unseeneventsonly

Remaining problem: What is a more generaldistribut ion?

Widely used solution: Corresponding n-1-gram model P(zjŷ) associated with
n-gram model P(zjy)

I Generalization =̂ shortening the context/history

y = y1; y2; : : : yn� 1 � ! ŷ = y2; : : : yn� 1

I More general distribution obtained:

q(zjy) = q(zjy1; y2; : : : yn� 1)  P(zjy2; : : : yn� 1) = P(zjŷ)

(i.e. bi-gram for tr i-gram model, uni-gram for bi-gram model ...)
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n-Gram Language Mo dels: Interpolation

Principle Idea (not consideringmodi�ed distribution f � (� j�)) :

P(zjy) = (1 � � ) f (zjy) + � q(zjy) 0 � � � 1

Problem: Interpolation weight � needs to be optimized (e.g. on held-out data)

Simpli�ed view with linear discounting: f � (zjy) = (1 � � )f (zjy)

Estimates obtained:

P(zjy) =

(
f � (zjy) + � (y)q(zjy) c� (yz) > 0

� (y)q(zjy) c� (yz) = 0

Properties:
I Assumesthat estimates always bene�t from smoothing

) All estimates modi�ed

X Helpful, if original estimates unreliable

E Estimates from large samplecounts should be \trusted"
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n-Gram Language Mo dels: Backing O�

Basic principle: Back o� to generaldistribution for unseenevents

P(zjy) =

(
f � (zjy) c� (yz) > 0

� (y) Kyq(zjy) c� (yz) = 0

Normalization factor Ky ensures that:
P

z P(zjy) = 1

Ky =
1P

yz : c� (yz)=0
q(yz)

Note:
I Generaldistribution usedfor unseeneventsonly

I Estimates with substant ial support unmodi�ed, assumedreliable
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n-Gram Language Mo dels: Generalized Smoothing

Observation: With standard solution for q(zjy) more generaldistribution is again
n-gram model ) principle can be applied recursively

Example for backing o� and tri -gram model:

P(zjxy) =

8
>>>>>>>><

>>>>>>>>:

f � (zjxy)

� (xy) Kxy

8
>>>><

>>>>:

f � (zjy)

� (y) Ky

8
<

:

f � (z)

� (�) K�
1

j V j

c� (xyz) > 0

c� (xyz) = 0 ^ c� (yz) > 0

c� (yz) = 0 ^ c� (z) > 0

c� (z) = 0

Note: Combination of absolutediscounting and backing o� createspowerful
n-gram models for a wide rangeof applications (cf. [Che99]).
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n-Gram Language Mo dels: Representat ion and Storage

Requirement: n-gram modelsneed to de�ne speci�c probabilit ies for all potential
events (i.e. jV jn scores!)

Observation: Only probabiliti es of seen events are prede�ned
(in caseof discounting: including context-dependent zero-probability)

) Remaining probabiliti es can be computed

Consequence: Store only probabilities of seenevents in memory

) Huge savingsas most events are not observed!

Further Observat ion: n-grams always come in hierarchies
(for representingthe respective general distributions)

) Store parameters in pre�x- tree for easyaccess
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n-Gram Language Mo dels: Representat ion and Storage II

z

y

� (x) Kx

f � (x)

f � (yjx)

f � (z)

� (y) Ky

� (z) Kz

f � (y)

f � (zjxy)

� (xy) Kxy

� (yx) Kyx

f � (xjy)

?

x

y

z

z

x

P(zjxy) = : : :

?

x

y

z f � (zjxy)
f � (zjxy)

P(xjxy) = : : :

x ?? � (xy) Kxy

� (xy) Kxy : : :

y

x f � (xjy)

f � (xjy)
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n-Gram Language Mo dels: Summary

Pros and Cons:

X Parameterscan be estimated automatically from training texts

X Models \capture" syntactic, semantic, and pragmatic restrictions of the
languagefragment considered

X Can \easily" be combined with statistical recognition systems(e.g. HMMs)

E Considerable amounts of training data necessary

E Manageable only for small n (i.e. rather short contexts)

Variants and Extensionsof the basicmodel:

I Category-basedlanguagemodels
(useful for representing paradigmatic regularities)

I Models for describing long-distancecontext restrict ions
(useful for languages with discontinuous constitut es, e.g. German)

I Topic-based(i.e. context dependent) models
(useful, if one global model is too general)
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Overview

I Moti vation . . . Why useMarkov Models?

I Theoretical Concepts . . . Hidden Markov and n-gram Models

I Practical Aspects . . . Con�gurati on, Robustness,E� ciency, Search

I Computations with Probabiliti es
I Con�gurati ons of HMMs
I Robust Parameter Estimation
I E� cient Model Evaluation
I Integrated Search

I Putt ing It All Together . . . How Things Work in Reality

I Summary . . . and Conclusion
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Computati ons with Probabilit ies: Problem

Example:
I Consider a 10-dimensional feature representat ion

! Mixture components will be 10-D Gaussians (distributing total probability
massof 1!)

! p(x) � 10� 5 on average

I Further consider a text fragment of 100 frameslength
(wil l in general be only a few characters long)

! P(x1; :::; x100jO) �
100Y

i =1

p(xi) � (10� 5)100

Note: Extremely coarse approximations, neglect ing

I Alternat ive paths,
I Transition probabiliti es,

I Other mixtures and weights.

) Quantit ies can't be representedon todays computers!
Note: Even double precision 
oating point formats not su�cient

(ANSI/IE EE 854: [1:8 � 10308 � z � 4:9 � 10� 324])
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Probabil iti es: Logarithmic Representati on

Solution: Representprobabilit ies in negative logarithmic domain

I Logarithmic ! compression of dynamic range
I Negative ! transformed quantities can be interpreted as additive costs

Method: Transform quantities according to: ~p = � logb p
Any type of logarithm can be used!
Most common: ln x = loge x and ex pair of operat ions (log / exp)

E�ec t: Probabiliti es2 [0:0 : : : 1:0] � ! costs2 [0:0 : : : + 1 ]
(Note: Densities > 1:0 possible but rare ! < 0:0)

aij

bj (x)
1:0 : : : 10� 1000

product
maximum

sum

9
>>>>>>>>>>=

>>>>>>>>>>;

!

8
>>>>>>>>>><

>>>>>>>>>>:

� logaij

� logbj (x)
0:0 : : : 1000

sum
minimum

: : : a bit more complicated
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Probabil iti es: Logarithmic Representati on II

Question: Could product/maximum (=̂ sum/minimum) be su�ci ent for HMMs?
Mostly, but not quite for everything!

X Viterbi algorithm: only maximization of partial path scores, multiplication
of score components

� t +1 (j ) = maxi f � t (i )aij gbj (Ot +1 ) ! mini

n
~� t (i ) + ~aij

o
+ ~bj (Ot +1 )

X Mixture density evaluation: Weighted sum can be approximated by
maximum

bj (x) =
P M j

k=1 cjk gjk (x) � max
M j
k=1 cjk gjk (x) ! min : : :

E Baum-Welch training: Alternat ive paths must be considered ) summation
of total probabilities required

Problem: How can sumsof probabilities be computed in the logarithmic
representations?
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Probabil iti es: Logarithmic Representati on III

Summati on in the logarithmi c domain

Naive Method:
~p1 + log ~p2 = � ln

�
e� ~p1 + e� ~p2

�

E Advantage of logarithmic representation is lost!

Summation in the logarithmic domain: Kingsbury-Rayner formula

~p1 + log ~p2 = � ln(p1 + p2) = � ln(p1(1 + p2
p1

)) =

= �
�

ln p1 + ln(1 + eln p2� ln p1)
	

= ~p1 � ln(1 + e� (~p2� ~p1) )

X Only score di� erencesneedto be represented in linear domain
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Con�guration of HMM s: Topologies

Generally: Transitions betweenarbitrary states possiblewithin HMMs ...
potentially with arbitrarily low probability

Topology of an HMM: Explicit representat ion of allowed transitions
(drawn as edgesbetween nodes/states)

Any transition possible
) ergodic HMM

Observation: Fully connected HMM doesusually not make sensefor describing
chronologically organizeddata

E \backward" transitions would allow arbitrary repetitions within the data
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Con�guration of HMM s: Topologies II

Idea: Restrict potential transition to relevant ones!
... by omitting irrelevant edges/ setting respective transition probabilities to
\hard" zeros(i.e. nevermodi�ed!)

Structures/Requirements for modeling chronologically organizeddata:

I \F orward" transitions (i.e. progressin time)

I \Lo ops" for modeling variable durat ions of segments

I \Ski ps" allow for optional/mi ssingparts of the data

I Skipping of one or multiple states forward

Fink, Pl•otz
Markov Models for Handwriting Recognition N

N

N H Moti vat ion Theory Practice Systems Summary References 60

http://www.uni-dortmund.de
http://ls12-www.cs.uni-dortmund.de/cms/irf/people/gernot-a.-fink/people_fink.html
http://ls12-www.cs.uni-dortmund.de/cms/irf/people/thomas-ploetz/people_ploetz.html


Con�guration of HMM s: Topologies III

Overview: The two most common topologiesfor handwriting (and speech)
recognition:

linear HMM Bakis-type HMM

Note: Generalleft-to- right models (allowing to skip any number of states forward)
are not usedin pract ice!
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Con�guration of HMM s: Compound Mo dels

Goal: Segmentation

I Basic units: Characters
[Also: (sub-)Stroke models]

I Words formed by concatenation

I Lexicon= parallel connection
[Non-emit ting states merge edges]

I Model for arbitrary text
by adding loop

) Decoding the model producessegmentat ion
(i.e. determining the optimal state/ model sequence)

.  
 . 

  .
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Robust Parameter Est imati on: Overview

Task: Estimate models' parametersrobustly by learning from training samples

X E� cient training algorit hms (Forward-Backward, Baum-Welch) exist

E Sparse Data Problem: Amount of sample data usually too small!

) Basic techniques[% Theory] alone do not lead to robust models in practice!

Approach: Tackle factors which cause the sparsedata problem, e.g.

1. Mo del complexity
(reduce # parametersby merging similar parts of models)

2. Dimensionalit y of the data / Correlations [not covered here]
(feature selection,feature optimization like PCA, LDA, ICA, etc.)

3. Initiali zation
(non-random initi alization of structures and parameters for HMM training)
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Robust Parameter Est imati on: Tying

. . . explicit reduction of parametersby merging similar model parameters.

Construct ive tying: Construct ion of complexmodels from elementary models.
) Copiesof subunits reusedreferencesame set of parameters.

Generalization of special modeling parts where only few samples are available:
Robust estimation of generalunits exploiting broader basisof data
) Useof suitable generalizat ions instead of special models

Agglomeration: Identi�cation of similar parametersby suitable distance measure
) Construct parameter spacegroupsby clustering w.r.t. to similar \p urpose"

) Establish modeling units wheresu� cient # training samplesare available.
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Mo del Subunits

Basic approach: Merge parametersof similar
model parts { construct HMMs by
combination of basemodels

Model Generalization: (Usually applied for
context dependent modeling)

I De�ne context dependent basemodels
(e.g. # / m / o, m / o / m)

I Generalizecontext restriction if number
of training samplesnot su�ci ent
(e.g. m / o / m! / o / m)

! Hardly usedfor handwriting recognition,
so far { [Fin07b]

Model Clustering: Merge similar model parts
by e.g. applying decision trees

! Expert knowledgerequired

m

d d y

m

a

o y

I Modularization on level of
letters

X Intra-word tying

X Inter-word tying

) E�ec t ive useof sample data
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State Tying

. . . parameter groupsare chosenwith higher granularity compared to model tying

State Clustering: (Required: Distancemeasured and termination criterion)

1. Create an individual state cluster for all model states i

Ci = f ig 8i ; 0 � i � N

and combine these to form the initia l set of clusters C:

C =
N[

i =1

f Ci g

2. Choose from current set C that pair Cj ; Ck minimizing distance measure d:

(Cj ; Ck ) = argmin
Cp ;Cq2C

d(Cp ; Cq)

3. Construct new state cluster C by merging Cj and Ck :

C  Cj [ Ck

Remove original clusters Cj , Ck from C and insert newly created C instead:

C  Cn f Cj ; Ck g [ f Cg

4. if termination criterion not yet satis� ed for current set C: goto step 2
otherwise: Stop!
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Tying in Mi xture M odels

. . . mergesimilar parameterswithin mixture density models for emissionsof HMMs

Mixture tying: Semi-continuous HMMs [Hua89]

I Create shared set of baseline densities
) Individual componentsof mixtures
are tied acrossdistributions

I New de�nit ion of output probabilit ies:

bj (x) =
MX

k=1

cjk N (xj� k ; Kk )

=
MX

k=1

cjk gk (x) continuous modeling

s2s1 s3

semi-continuous modeling

s2s1 s3

Clusteringof densities: Automatic tying approach (in contrast to SCHMMs)
I Exemplary distance measureusedfor clustering procedure[% State Tying]

d(Ci ; Cj ) =
Ni Nj

Ni + Nj
jj � i � � j jj Ni ; Nj : # samples assigned to i ; j -th density

Tying of covariances: Useglobal covariance matrices for all mixture densities
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Parameter Initial ization

Problem: [% Training] methods for HMMs require suitable init ial model
) In practice random or uniform initi alization of parametersis not su�ci ent!

Segmentalk-means: Alternately carry out segmentationof training data and
compute new parametersbased on segmentation not changing model structure

Initia lization: Derive init ial segmentati on of sample data from reference annotatio n,
goto step 2

1. Segmentation: Compute s� for O given � [% Viterbi algorithm ], update âij :

âij =

P T � 1
t =1 � t (i ) � t +1 (j )

P T � 1
t =1 � t (i )

2. Estimation: For all states j , 0 � j � N, and associated partia l sample sets X(j ):

1. Compute VQ codebook Y = f y1; : : : yM j
g and partiti on f R1; : : : RM j g

2. Compute updated parameters of output distributi ons:

ĉjk =
jRk j

jX(j )j
; �̂ jk = yk ; Ĉjk =

1

jRk j

X

x2 Rk

x xT � �̂ jk �̂ T
jk

3. Termination: if P � (Oj�̂ ) was improved by �̂ w.r.t. � : let �  �̂ , goto step 2
otherwise: Stop!
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E� cient M odel Evaluation: Overview

Task: Evaluatestatistical models (HMMs, n-grams) for practical recognition tasks

X Algorithms for decoding HMMs [% Viterbi], and evaluating n-gram models
[% backing o� ] exist

E For large inventories: More e�cient methods required!

) Basic techniquesalonenot su� cient for e� cient model evaluation in practice!

Approaches: (select ion coveredhere)

1. Pruning
(skip \unn ecessary" computat ions as much as possible by early discarding
\less promising" solutions from further search process{ suboptimal)

2. Tree-like model st ructure s
(Re-organization of the Search Spaceusing tree lexica)
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E� cient Evaluation: Beam Search

Viterbi: Linear time complexity but still quadratic
complexity in number of model states

! Viterbi matrix of � t (i ) grows linearly with # states
Even with restricted [% model topology]

E Completeevaluation for limited problemsonly

Idea: Discard \less promising" solutionsduring decoding

Beam-Search: Userelative di�eren cesin � t (i ) for search
search to \b eam" around best partial solution [Low76]

I Evaluation of � t (i ) on limited set of act ive states:

A t = f i j� t (i ) � B � �
t g

with � �
t = max

j
� t (j ) and 0 < B � 1

� t +1 (j ) = max
i 2A t

�
� t (i )aij

	
bj (Ot +1 )

B = [10� 10 : : : 10� 20] typically

I Practice: Directly propagate calculationsfrom
respective act ive states to potent ial successors.

pruned HMM state
Viterbi-Path

active HMM state

s� 0
(� � 0

; o)
� � 0::::

::::

123 56 :::T4

::::

S

t
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The Beam Search Algorithm

Initi alization: Initi alize set of act ive states with non-emitting state 0: A 0  f 0g

Propagation: For all t imes t , t = 1 : : : T :
I Initi alize locally optimal path score ~� �

t  1
I For all i 2 A t � 1 and all j 2 f j jj = succ(i )g:

I Compute local path score from state i to its successor j :
~� t (i ; j ) = ~� t � 1(i ) + ~aij + ~bj (Ot )

I Update partial path score for state j , if necessary
if ~� t (j ) has not yet been computed or
~� t (i ; j ) < ~� t (j ) : ~� t (j )  ~� t (i ; j );  t (j )  i

I Update locally optimal path score
if ~� t (i ; j ) < ~� �

t : ~� �
t  ~� t (i ; j )

I Determine set A t of active states
I Initia lize new set of active states: A t  ;
I Add all successors j of active states i which lie within the beam

for all i 2 A t � 1 and all j 2 f j j j = succ(i )g
if ~� t (j ) < = ~� �

t + ~B : A t  A t [ f j g

Termination: Determine optimal end state ŝ�
T := argmin

j 2A T

~� T (j )

Backtracking of approximately optimal path: For all times t , t = T � 1 : : : 1:
ŝ�

t =  t +1 (ŝ�
t +1 )
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Forward-Backward Pruning

. . . also accelerate optimization stepsof (iterative) training procedures for HMMs!

Approach: Avoid \u nnecessary" computations, unlessnegativee� ects on quality of
parameter estimation are observed (cf. [% Beam-Search Algorithm])

Pruning: Restrict [% Baum-Welch Algorithm] to relevant parts of search space
I During computation of forward and backward variables for every t consider

active states depending on optimal � �
t = maxj � t (j ) / � �

t = maxj � t (j )

A t = f i j� t (i ) � B � �
t g with � �

t = max
j

� t (j ) and 0 < B � 1

Bt = f i j� t (i ) � B � �
t g with � �

t = max
j

� t (j ) and 0 < B � 1

I Modi�ed recursivecomputation rules for forward and backward variables:

� t +1 (j ) :=
X

i 2A t
f � t (i )aij gbj (Ot +1 )

� t (i ) :=
X

j 2B t +1
aij bj (Ot +1 )� t +1 (j )

I 
 t (i ) vanishesfor all t =s for which � t (i ) or � t (i ) are not calculated

Simpli�cati on: Apply pruning to � t (:), evaluate � t (:) for non-vanishing � t (:) only
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E� cient Evaluation: Tree Lexicon

Observation: In large lexica many words share common pre�xes

! Standard model construction (concatenation of character HMMs):
Many word models contain identical copiesof states!

E Redundancy causesunnecessary evaluat ions in search (" )

Idea: \Compress" representat ion ) Pre�x tree

Procedure: All words sharing a common character sequence as pre�x now are
successors of a single HMM / state sequence

X Decoding of semantically identical states performed only once!

X Compression of search spaceby factor 2 to 5, most gain in e� ciency at
beginning of words
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E� cient Evaluation: Tree Lexicon II

. . .

.   .   .

.   .   .

.   .   .

.   .   .

au

art

zoo

arab

/a/

/z/

/u/

words with prefix /au/

/c/

/t/

/b/ /e/ /a/

/o/

be

/o/ /o/

/o/ /m/

/m/ beam

boom

/r/ /a/ /b/

/t/ /o/

/t/ /i/ /o/ /n/

auto

auction

Note: Word identities known
only after passthrough tree is
completed(i.e. at the leaves)
) Di�erenc e to standard
(non-tree) representation!

Example:

I Lexiconsize: 7.5k words

I 52k character models in
total,

I 26k tree nodesonly

) Compression by factor 2!
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Integrated Search: Intro ducti on

Remember the channelmodel:

source channel recognition

production
text-

realization
script-

extraction
feature

decoding
statistical

argmax
w

P(wjX)

ŵX

P(Xjw)P(w)

w

) HMMs + n-gram models frequently usedin combination!

Problems in practice:

I How to compute a combined score? Channel model de�nes basis only!

I When to compute the score? Model valid for complete HMM results!

I How does the languagemodel improve results?

! Why not useHMMs only to avoid those problems?
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Integrated Search: Basics

Problem 1: Mult iplication of P(XjO) and P(w) does not work in practice!

) Weighted combination using \lingui stic matching factor" �

P(w) � P(Xjw)

Reason: HMM and n-gram scores obtained at largely di� erent t ime scalesand
orders of magnitude

I HMM: multi -dimensional density per frame

I n-gram: conditional probability per word

Problem 2: Channel model de�nes score combination for complete results!
I Can be usedin practice only, if ...

I HMM-based search generates multiple alternative solutions ...

I n-gram evaluates these afterward.

) No bene�t for HMM search!

) Combination must apply to intermediate results, i.e. path scores � t (:)

X Achieved by using P(zjy) as \transiti on probabilities" at word ends.
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Integrated Search: Basics II

Question: How does the languagemodel in
uence the quality of the results?

Rule-of-thumb: Error rate decreasesproportional to square-root of perplexity

Example for lexicon-freerecognition (IAM-DB) with character n-grams [Wie05]

% CER / perplexity

none 2 3 4 5

IAM-DB 29.2 / (75) 22.1 / 12.7 18.3 / 9.3 16.1 7.7 15.6 / 7.3

CER=
p

P n.a. 6.2 6.0 6.0 5.8

Note: Important plausibility check: If violated, somethingstrange is happening!
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Integrated Search: HMM Networks

I Straight-forward extension of
HMM-only models

I n-gram scores extend transition
probabiliti es

E HMMs store single-statecontext
only Rightarrow only bi-grams
usable!

Question: How can higher-order
models (e.g. tri-grams) be used?

P(bja)

P(a)

P(b)

P(c)

P(bjc)

b

c

a
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Integrated Search: HM M Networks II

Higher-order n-gram models:

) Context dependent
copiesof word models
(i.e. state groups)
necessary!

E Total model grows
exponentially with
n-gram order!

[c]a

[c]b

[c]c

[a]c

[a]b

[a]a

P(ajac)
P(ajc c)

P(cjc)

P(ajaa)

a

b

c

P(cja)

P(a)

P(b)

P(c)
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Integrated Search: Search Tree Copies

Note: In large vocabulary HMM systemsmodels are usually compressedby using a
[% pre�x tree] representation.

Problem: Word identities are only known at the leavesof the tree
(i.e. after passingthrough the pre�x tree)

Question: How to integrate a language model?

Solution:
I \Remember" identity of last word seen and ...

I Incorporate n-gram score with one word delay.

E Search tree copiesrequired!
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Integrated Search: Search Tree Copies II

HMM pre�x tree + tri-gram model:

a

b

c

c

b

b...

a:::

b:::

c:::

ac:::

cb:::
P(bjc)

P(cja) P(bjac)

P(a)

P(b)

P(c)

E Context based tree copiesrequired
depending on two predecessor words

X Neverthelessachievese�ciency improvement
as HMM decoding e� ort is reduced
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Integrated Search: Mul t i-Pass Search

Problem: Integrated useof higher order n-gram modelsexpensive!

Solution: Mult iple search \phases" with increasingmodel complexity

1. HMM decoding
(+ bi-gram)

Alternative
solutions!

2. n-gram
(e.g. tri -gram)
for rescoring

) existing
solutions sorted
di�ere ntly!

3. n + k-gram

... continue with 2.

handwriting is easyrecognition

H
M

M
sc

or
e

sc
or

e
n-

gr
am

handwriting isrecognition

hand writing recognitions difficult

difficult

handwriting recognition differentis
. . .

. . .
. . .

handwriting recognition is difficult

is differentrecognitionhandwriting

recognitionhandwriting

writing recognitionshand difficult

is easy

. . .

hypothesis rank according to combined score

. . .
. . .
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Overview

I Moti vation . . . Why useMarkov Models?

I Theoretical Concepts . . . Hidden Markov and n-gram Models

I Practical Aspects . . . Con�gurati on, Robustness,E� ciency, Search

I Putt ing It All Together . . . How Things Work in Reality

I Preprocessing Removeunwanted variation
I Linearization for processingby sequential model
I Feature Extract ion Determine relevant \p roperties"
I Writi ng Model
I Language Modeling & Decoding

I Summary . . . and Conclusion
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Putting It All Together: Intro duction

Tasks investigated:
I Recognition of unconstrained handwriting (Roman alphabet)

I Minimum elementsize:Words or phrases
! No isolatedcharacters! � ! problem of classi�cation only!

Focus on o�i ne recognition

Online recognition?

I Considered easierthan o�i ne recognition (cf. e.g. [Bun03])

I Problem \solved" for many scripts by Microsoft?
(impressiveonline recognizer!)

I Research in online recognition rather specialized today
(exotic scripts, special tasks, ...)

Note: Hardly any \standard" proceduresexist!
(as opposedto speech recognition)
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Preprocessing: O� ine

Line Extraction

Basis: Document containing
handwritten text

Principle Method:
(cf. e.g. [Wie02, Baz99])

1. Find text regions(if necessary)

2. Correct orientation of text region
(minimize entropy of horizontal
projection histogram)

3. Extract text lines
(segment at minima of projection
histogram)

(IAM-OnDB image courtesy of H. Bunke, University of Bern)
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Preprocessing: O� ine II

BaselineEstimation:

Potential method: I Initi al estimate based on horiz. projection histogram
I Iterative re�n ement and outlier removal [Wie02]

Skew and DisplacementCorrect ion:

Estimation of core size / upper baseline (not mandatory)
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Preprocessing: O� ine III

Slant estimation: E.g. via mean orientat ion of edges obtained by Canny operator
(cf. [Wie02])

-80 -60 -40 -20  0  20  40  60  80

Slant normalization (by applying a shear transform)
Original Corrected Slant
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Preprocessing: O�i ne IV

Note: Depending on writer and context script might largely vary in size!

Methods for sizenormalization:
I \manually", heuristically, to prede�ned width/h eight???

I depending on estimated core size( estimation crucial!)

I depending on estimated character width [Wie05]

Original text lines (from IAM-DB)

Results of size normalization (avg. distance of contour minima)
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Preprocessing: O�i ne V

Note: Stroke imagesvary in color (or local contrast) and stroke width
) consideredirrelevant for recognition

Binarization by global or locally adaptive methods (cf. e.g. [Tri95])
Original Binarized image (Niblack's method)

Thinning or skeletonization, e.g. by morphological operations (cf. e.g. [J•ah05])
Binarized image Potential skeleton
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Preprocessing: Online

Goal the same as in o� ine recognition: Remove unwanted variation

Common Metho ds:

Skew / Slant / Size normalization:
I Trajectory data mapped to 2D representation

I Baselines/ core area estimated similar to o�ine case

Special Online Met hods:

Outlier Elimination: Removeposition measurementscausedby interferences

Resampling and smoothing of the trajectory [% Details]

Elimination of delayed strokes [% Details]
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Preprocessing: Online II

Resampling and smoothing of the trajectory
I Goal: Normalize variations in writing speed(no identi �ca t ion!)
I Equidistant resampling & interpolation (cf. e.g. [Jae01])

Measured trajectory Result of resampling

Elimination of delayed strokes (cf. e.g. [Jae01])
I Handling of delayed strokesproblematic, additional time variability!
I Removeby heuristic rules (backward pen-up, cf. e.g. [Jae01])

Measured trajectory Delayed stroke for "i" removed

Note: Delayed strokes treated explicitl y in hardly any system! [% Features]
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Linearization: Online

Basis: (Rather) Straight-forward
X Data has inherent temporal structure!

) Time axis runs along the pen trajectory

Level of Granularity:
E Pen position measurementsnot suitable as elementary trajectory elements

) analysisof overlappingsegments (stroke-like / �x ed size)

[Example: Stroke segmentati on at local maxima of curvature]
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Linearization: O�i ne

Problem: Data is two-dimensional,images of writi ng!

E No chronologicalstructure inherently de�ned!

Exception: Logical sequence of characters within texts

Solution: Sliding-window approach �rst proposed by researchersat BBN [Sch96])

I Time axis runs in writing direction / along baseline

I Extract small overlappinganalysis windows

. . . . . .

[Frames shown are for illust ration only but actually too large!]
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Feature Ext racti on: Online

Basic Idea: Describe shape of pen trajectory locally

Typical Features: (cf. e.g. [Dol97, Jae01])

I Slope angle � of local trajectory
(represented as sin � and cos� : continuousvariation)

I Binary pen-up vs. pen-down feature

I Hat feature for describingdelayed strokes
(strokes that spat ially correspond to removed delayed strokes are marked)

Feature Dynamics: In all applications of HMMs dynamic featuresgreatly enhance
performance.

) Discrete time derivative of features

Here: Di�erenc esbetweensuccessiveslope angles
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Feature Ext racti on: O�i ne

Basic Idea: Describe appearanceof writ ing within analysiswindow

! No \standard" approachesor feature sets

! Generallyno holistic features used

Potential Methods:
I (For OCR) Local analysis of gray-value distributions (cf. e.g. [Baz99])

I Salient elementary geometricshapes (e.g. vertices, cusps)

I Heuristic geometricpropert ies (cf. e.g. [Wie05])

1

1

1

1

2
avg. avg. avg.

avg.avg.

baseline

avg.

orientation
average

upper contour lower contour

# black-white
transitions

# ink pixels /
col_height

average upper contour
orientation orientation

lower contour

# ink pixels /
(max - min)

1.25 0.2 0.9

6)

1) 2)

7) 8)

3) 4) 5)

9)

Additionally: Compute dynamic features
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Writing Mo del

Note: No principal di�eren cesbetweenonline and o� ine

I Context independent elementary HMMs, linear or Bakis topology
(for characters, numerals,punctuat ion symbols, and white space)
Note:

I Explicit ligature models used in some approaches

I Hardly any bene�t from context-dependent models in o�i ne recognit ion?

I Output distribut ions of HMMs: continuousor semi-continuous (i.e. with
shared codebook, cf. e.g. [Wie05])

I Task modelsconstructed by concatenation etc. from elementary HMMs

I Initi alization
I If you start from scratch: Manual labeling of (part of) sample set required!

I If you are lucky: Use previous system for (supervised) automatic labeling

I Training: Baum-Welch (convergence after � 10{20 re-estimation steps)
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Language Mo deling & Decoding

Language Modeling:
I Standard techniquesapplied

I no relevant di�e rencesto related domains (e.g. speech recognition)

Word level models: Bi- and tri-grams (cf. e.g. [Vin04, Wie05, Zim06])

Character level models: Up to 5-gram [Wie05] and 7-grams[Bra02]
) \unlim ited" / open vocabulary systems

Decoding:
I Basic method: Vit erbi beam search

I Integration of languagemodel frequently not documented
I O� ine recognit ion usually not interact ive

) multi-pass (\p ostprocessing-style") integration possible

I Search tree copies (tree lexicon) (cf. e.g. [Wie05])

! No postprocessing in HMM-based systems!
(Restrictions completely represented by the statistical model)
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Overview

I Moti vation . . . Why useMarkov Models?

I Theoretical Concepts . . . Hidden Markov and n-gram Models

I Practical Aspects . . . Con�gurati on, Robustness,E� ciency, Search

I Putt ing It All Together . . . How Things Work in Reality

I Summary . . . and Conclusion
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Summary

Handwritten script:
I Natural input modality for human-machine-interaction (e.g. PDAs)

I Subject of automated document processing (e.g. forms)

Di� cult automatic recognition:
I High variability even within particular characters (size, style, line width etc.)

I Problematic segmentat ion due to \m erging" of adjacent characters.

[unconstrained handwriting]

Pre-dominant recognition approach: temporal features,HMMs + n-grams
source channel recognition

production
text-

realization
script-

extraction
feature

decoding
statistical

argmax
w

P(wjX)

ŵX

P(Xjw)P(w)

w
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Summary: Mo deling

ŵ = argmax
w

P(wjX) = argmax
w

P(w)P(Xjw)
P(X)

= argmax
w

P(w)P(Xjw)

Script (appearance) model: P(Xjw) ) Hidden-Markov-Models

I Two-stage stochastic process
(stat ionary, causal, simple)

I Hidden state sequence, observableemissions

X Emissionmodeling: Discrete, or continuous

X Algorithms for scoring, decoding, training

Language model: P(w) ) n-Gram-Models

I Probability distribution over set of
symbol (= word) sequences

I Principally: Direct computation of
parameters (by counting)

X Algorithms for scoring / evaluation

P(w) �
TY

t =1

P( wt j wt � n+1 ; : : : ; wt � 1

| {z }
n symbols

)
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Summary: Practice

Beware: Theoretical concepts alone not su� cient for suitable recognition systems!

Problems: (and solutions)
E Numerical problems

(vanishing probabilities for long sequences)
) Representation in negative logarithmic domain, 
o oring X

E Sparse data problem
(model complexity, dimensionality of data; unseen events)
) Concatenation of small basismodels, feature optimization X

E E� ciency issues
(complexity of search space, redundancy)
) Pruning (Beam search, forward-backward pruning), tree-lexica X

Recognition systems: Integrated evaluation of HMMs and n-gram models for
suitably pre-processedhandwriting data

X Linearization of input data (sliding window) + feature extraction

X UseHMM \on top" for combination of HMM and n-gram scores.
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ESMERALDA
An integrated

Environment for Statis t ical M odel Estimat ion and Recognition on Arbitr ary Linear Data Arrays

Developed at Bielefeld, now Dortmund University (Germany) [Fin99, Fin07a]

Supports: (primarily)
I (SC)HMMs of di� erent topologies

(with user-de�nable internal structure)

I Incorporation of n-gram models
(for long-term sequential restrictions)

I Gaussianmixture models (GMMs).

Used for numerousprojects within:
I Handwriting Recognition ,
I Automatic SpeechRecognition,
I Analysisof biological sequences,
I Music analysis.

Availability: Open sourcesoftware (LGPL) sourceforge.net/p rojects/esmeralda
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